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INTRODUCTION

Objective: Designing simple and efficient Bayesian inference algo-
rithms for deep learning models.
Main idea:
•Deep directed generative models are developed by stacking
sigmoid belief networks (SBN).
•Sparsity-encouraging priors are placed on model parameters.
•Learning and inference of layer-wise model parameters are
implemented in a fully Bayesian setting, by exploring the idea of
data augmentation.

MODEL FORMULATION

Sigmoid Belief Network: Assume we observe v ∈ {0, 1}J, mod-
eled using hidden variable h ∈ {0, 1}K and weights W ∈ RJ×K

as
p(vj = 1|wj,h, cj) = σ(w>j h + cj) ,

p(hk = 1|bk) = σ(bk) ,
where σ(·) is the logistic function, v = [v1 . . . vJ]>, W =
[w1 . . . wJ]>, and c = [c1 . . . cJ]> and b = [b1 . . . bK]> are
bias terms.
Relationship with RBM: The energy function of an SBN is:
−E(v,h) = v>c + vTWh + h>b− ∑

j
log(1 + exp(w>j h + cj)) .

(In contrast) The energy function of an RBM is:
−E(v,h) = v>c + vTWh + h>b .

Autoregressive Structure:
p(vj = 1|h,v<j) = σ(w>j h + s>j,<jv<j + cj) ,
p(hk = 1|h<k) = σ(u>k,<kh<k + bk) .

where S = [s1, . . . , sJ]> and U = [u1, . . . ,uK]> are a lower trian-
gular matrix that contains the autoregressive weights within layers.
Deep Sigmoid Belief Networks:

p(v,h) = p(v|h(1))p(h(L)) L−1∏

`=1
p(h(`)|h(`+1)) ,

p(h(`−1)
k |h(`)) = σ((w(`)

k )>h(`)
n + c

(`)
k ) .

Bayesian Sparsity Shrinkage: Three Parameter Beta Normal
(T PBN ) prior on W(`)

W
(`)
jk ∼ N (0, ζjk) ,
ζjk ∼ Gamma(a, ξjk) ,
ξjk ∼ Gamma(b, φk) ,
φk ∼ Gamma(1/2, ω) ,
ω ∼ Gamma(1/2, 1) . 0 0.2 0.4 0.6 0.8 10
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A Graphical Model

Figure 1 shows the graphical model for the deep SBN
with autoregressive structure. S(`) and U contain the
autoregressive weights within layers, while W(`) is uti-
lized to capture the dependencies between different
layers.
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Figure 1: Graphical model for the deep SBN with autore-
gressive structure.

B Properties of Pólya-Gamma
distribution

A random variable X has a Pólya-Gamma distribution
(Polson et al., 2013) with parameters b > 0 and c ∈ R,
denoted X ∼ PG(b, c), if

X =
1

2π2

∞∑

k=1

gk
(k − 1/2)2 + c2/(4π2)

, (1)

where each gk ∼ Ga(b, 1) is an independent gamma
random variable. We have

E[X] =
b

2c
tanh(c/2) =

b

2c

(
ec − 1

ec + 1

)
. (2)

A key observation is that binomial likelihoods
parametrized by log-odds can be written as mixtures

of Gaussians with respect to a Pólya-Gamma distribu-
tion. Specifically, if γ ∼ PG(b, 0), b > 0, then

(eψ)a

(1 + eψ)b
= 2−beκψ

∫ ∞

0

e−γψ
2/2p(γ)dγ , (3)

where κ = a − b/2. And we have γ|ψ ∼ PG(b, ψ).
Proof is given in Polson et al. (2013), Section 3.

The generation of the Pólya-Gamma variables is de-
tailed in Polson et al. (2013), Section 4. Other ap-
proximate methods for generation are discussed in the
supplemental material of Zhou et al. (2012) and Chen
et al. (2013).

C Inference details on ARSBN

We consider the one-hidden-layered ARSBN model de-
fined as (see Section 2.2)

p(vjn = 1|hn,v<j,n) = σ(w>j hn + s>j,<jv<j,n + cj) ,

p(hkn = 1|h<k,n) = σ(u>k,<kh<k,n + bk) . (4)

Assume isotropic normal priors are imposed on the
sj,<j and uk,<k, the other prior settings are the same
as in SBN. The conditional posterior distributions used
in the Gibbs sampling are as follows.

For γ(0), γ(1): The conditional distribution of γ(0) is

p(γ
(0)
jn |−) = PG(1,w>j hn+s>j,<jv<j,n+ cj). Similarly,

p(γ
(1)
kn |−) = PG(1,u>k,<kh<k,n + bk).

For H: The conditional distribution of hkn is
p(hkn|−) = Ber(σ(dkn)), where

dkn = bk +w>k vn + u>k,<kh<k,n

− 1

2

J∑

j=1

(
wjk + γ

(0)
jn (2ψ

\k
jnwjk + w2

jk)
)
, (5)

and ψ
\k
jn = w>j hn − wjkhkn + s>j,<jv<j,n + cj .

For W: The conditional distribution of wj is

Figure: Graphical model for the deep SBN with autoregressive structure.

LEARNING & INFERENCE

Main idea: If γ ∼ PG(b, 0) for b > 0, then (PG denotes Pólya-
Gamma distribution)

(eψ)a

(1 + eψ)b
= 2−beκψ

∫∞
0 e−γψ

2/2p(γ)dγ ,

where κ = a− b/2 and γ|ψ ∼ PG(b, ψ).
Gibbs Sampling: We can write the likelihood function for W
(omitting c) and h as

L(W,h) ∝ exp




J∑

j


vj −

1
2


w
>
j h− 1

2
γj(h>wjw

>
j h)





∝ exp





v−

1
2



>Wh− 1

2
h>W>ΓWh




,

where Γ = diag(γ1, . . . , γJ). Hence, L(W,h) is conjugate to Gaus-
sian prior p(wjk); h|v ∼ Bernoulli(·); γj|wj,h ∼ PG(1,w>j h).
Mean-field VB: Define ψj = w>j h, then

q(γj) ∝ exp

−

1
2
γj〈ψ2

j〉

 · PG(γj|1, 0) = PG


1,

√√√√〈ψ2
j〉


 .

EXPERIMENTS

I. MNIST: Generated Samples:

 

 

Figure: Performance on the MNIST dataset. (Left) Training data. (Middle)
Averaged synthesized samples. (Right) Learned features at the bottom layer.
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Figure: The impact of the number of
hidden units on the lower bound.

Figure: Missing data prediction. For
each subfigure, (Top) Original data.
(Middle) Hollowed region. (Bottom)
Reconstructed data.

II. Caltech 101 Silhouettes: Generated Samples:
 

Figure: Performance on the Caltech 101 Silhouettes dataset. (Left) Training
data. (Middle) Averaged synthesized samples. (Right) Learned features at the
bottom layer.

Variational Lower Bound:
Table: Log probability of test data.
Model Dim Log-prob.
SBN (VB) 200 −136.84
SBN (VB) 200− 200 −125.60
FVSBN (VB) − −96.40
ARSBN (VB) 200 −96.78
ARSBN (VB) 200− 200 −97.57
RBM∗ 500 −114.75
RBM∗ 4000 −107.78 20 40 60 80 100
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Pretraining Layer 1
Pretraining Layer 2
Global Training

III. OCR letters: Variational Lower Bound:
Table: OCR letters.

Model Dim Log-prob.
SBN (online) 200 −48.71
SBN (VB) 200 −48.20
SBN (VB) 200− 200 −47.84
FVSBN (VB) − −39.71
ARSBN (VB) 200 −37.97
ARSBN (VB) 200− 200 −38.56
SBN (Gibbs) 200 −40.95
DBM∗ 2000− 2000 −34.24

Table: MNIST.
Model Dim Log-prob.
SBN (VB) 200 −116.96
FVSBN (VB) − −100.76
ARSBN (VB) 200 −102.11
ARSBN (VB) 200− 200 −101.19
SBN� (NVIL) 200 −113.1
SBN� (NVIL) 200− 200 −99.8
DBN∗ 500− 2000 −86.22
DBM. 500− 1000 −84.62
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